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Scale hierarchy in Hofava— Lifshitz gravity: a strong constraint from synchrotron 

radiation in the Crab nebula 
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Hofava-Lifshitz gravity models contain higher order operators suppressed by a characteristic scale, 
which is required to be parametrically smaller than the Planck scale. We show that recomputed 
synchrotron radiation constraints from the Crab nebula suffice to exclude the possibility that this 
scale is of the same order of magnitude as the Lorentz breaking scale in the matter sector. This 
highlights the need for a mechanism that suppresses the percolation of Lorentz violation in the 
matter sector and is effective for higher order operators as well. 



It has often been suggested that Lorentz symmetry 
might be violated in quantum gravity (see e.g. [l[ for 
a review). Recently, the perhaps bolder proposal that 
abandoning Lorentz symmetry might be the payoff for 
rendering gravity renormalizable has received much 
attention. The underlying idea is to modify the gravi- 
ton propagator in the ultraviolet (UV) by adding to the 
action terms containing higher order spatial derivatives 
of the metric, but refrain from adding higher order time 
derivatives in order to preserve unitarity. 

This procedure can take place straightforwardly once 
a preferred foliation has been imposed. The resulting 
theory, called Hofava-Lifshitz (HL) gravity (see e.g. [3[ 
for a brief review), could then be invariant under the 
reduced set of diffeomorphisms that leave this foliation 
intact, t —J- i{t) and a;* — > x*(t, x*). Power counting renor- 
malizability requires that the action includes terms with 
at least 6 spatial derivatives in 4 dimensions 0-111 • All 
lower order operators compatible with the symmetry of 
the theory are expected to be generated by radiative cor- 
rections, so the most general action takes the form Q 



JHL = — ^ 
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where Mpi denotes the Planck scale, h is the determinant 
of the induced metric hij on the spacelike hypersurfaces. 



(2) 



where K is the trace of the extrinsic curvature Kij, '^^^R 
is the Ricci scalar of htj, N is the lapse function, and 
fli = diXnN. L4 and ig denote a collection of 4th and 
6th order operators respectively and M^, is the scale that 
suppresses these operators. It is perhaps tempting to 
call the Lorentz breaking scale, but the theory ex- 
hibits Lorentz violations (LV) at all scales, as L2 already 
contains LV operators. These Infrared (IR) Lorentz vio- 
lations are controlled by three dimensionless parameters 
that take the values A = 1, ^ = 1 and 77 = in General 
Relativity (GR). 

Due to the reduced symmetry with respect to GR, the 
theory propagates an extra scalar mode. If one chooses to 



restore diffeomorphism invariance, then this mode man- 
ifests as a foliation-defining scalar field 13, U | ■ 

From an IR perspective this theory can be viable and 
consistent for suitable choices of the dimensionless pa- 
rameters A, ^ and rj 0. An unappealing feature, however, 
is that L4 and Lq contain a very large number (~ 10^) 
of operators and independent coupling parameters. In 
remedy of this situation, restrictions to the theory have 
been proposed, which would limit the proliferation of in- 
dependent couplings. 

One such restriction, leading to "projectable HL grav- 
ity" (see 12, l3| for reviews), is to impose that N = N{t). 



Even though this version of HL gravity has only 9 inde- 
pendent couplings [IJ], the scalar mode is plagued by 
instabilities and exhibits strong coupling at unaccept- 
ably low energies [isl - fisj . This signals the need to treat 
at least part of the theory non-perturbatively [13, [l3l , 
which, however, jeopardizes the perturbative renormal- 
izability arguments that served as the initial motivation 
for HL gravity. For this reason we do not consider the 
projectable version here. Other restrictions can be im- 
posed on the action, which do not alter the field content 
of the theory, sec e.g. [l^. However, we prefer to leave L4 
and Lq unspecified here, as our analysis does not hinge 
on their exact form. 

An important scale in the theory is M^. Obviously, 
Mi, is bound from below from observational constraints 
which allow a minimum suppression scale Mohg. Much 
more surprisingly, it is also bound from above |2l| . This 
is because the IR part of the action, L2, exhibits strong 
coupling for the scalar mode at a scale M^c, which is 
parametrically smaller than Mpi, and whose size is con- 
trolled by the parameters A, ^ and 77 2l|, |22|. Avoiding 
strong coupling (in order to not compromise perturbative 
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renormalizability) requires Msc > Mi, 

Taking into account the constraints on A, ^ and rj one 
has Msc < 10^® GeV, unless the parameters of the the- 
ory are tuned to satisfy certain bonds , and the overall 
picture can be summarized as Mobs < < 10^^ GeV. 
The exact value of Mobs depends strongly on what obser- 
vations one intends to use. Gravity-related observations 
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could lead to Mobs ^ few meV (sub mm tests), which 
would leave a very large window open for M^,. 

However, LV is bound to percolate in the matter sec- 
tor d, Q leading to Lorentz breaking matter dispersion 
relations at some scale Mi^y^AI^,). There are then 2 op- 
tions: (a) M^, = Mlv, i.e. M^, is a universal scale; (b) 
Mj, <C Mlv- Clearly, option (b) requires some mech- 
anism which suppresses the percolation of LVs in the 
matter sector. Such mechanisms have been discussed in 
24| . Here, we will highlight the necessity for such mecha- 
nisms by focussing on option (a) and demonstrating that, 
in this case, matter LV constraints lead to A/obs ^ Mgc, 
thus closing the available window for M^,. 

Note that one can argue that some protective mech- 
anism is needed already to shield lower order opera- 
tors (mass dimension three and four) from percolation of 
higher order LV within the matter sector, see e.g. 25, 26| . 
However, such arguments depend on renormalization 
computations and eventual assumption about the LV in 
the matter sector at the tree level. We shall opt here 
for a more direct argument that is based on higher order 
operators. This would also demonstrate the necessity for 
a mechanism that is not limited to lower order operators. 

Framework. — For what comes next wc shall then as- 
sume that lower order operators in the matter sector arc 
indeed protected. We shall also assume that the CPT 
and Parity (P) invariance of the gravitational action is 
preserved in the matter sector. Indeed if no CPT and 
P odd operators are present in the matter sector at the 
tree level one would not expect them to be generated via 
radiative corrections induced by the gravitational, CPT 
and P even, terms. This assumption forbids LV mass di- 
mension five operators and hclicity dependent terms in 
the matter dispersion relation. This last fact, combined 
with the presence of just even powers of the momentum 
in the dispersion relation, implies the equality of the mat- 
ter and antimatter dispersion relations in this framework. 
So in the end, we will take the dispersion relations in the 
matter sector to be of the form 



m + p + rj 
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Missing extra suppression factors, one would naively 
expect the dimensionless coefficient ry to be of 0(1) at the 
Lorentz breaking scale and to be mildly different from 
such value at different energies due to the logarithmic 
renormalization group flow [26| . 

Dispersion relations of this order have been studied in 
the past (see e.g. [l|, for review) and several con- 

straints were cast. Due to the relatively high order of 
the LV breaking terms, significant deviations from stan- 
dard physics should be expected only at sufficiently high 
energies. In a threshold reaction such energy would nor- 
mally be p w (?7i^A/lv/'7)^^'* corresponding to 70 PeV 



Such high energies are indeed accessible thanks to Ul- 
tra High Energy Cosmic Rays (UHECR) physics and 
constraints on rj of 0(10^^) and O(10~^) were deduced 
respectively on electron/photons and protons, assuming 
that the so called GZK cutoff [2^ was detected in the 
spectrum of the UHECR P, [2^ . Note that these numer- 
ical values were derived assuming Mlv = Mp\ and they 
then imply Mlv ^ Mpi if one insists in having jy « 0(1) 
in (IH) . Hence, the above mentioned option (a) M* A/lv 
would be observationally non viable. 

However, both these constraints rely on the crucial 
assumption that UHECRs were mostly constituted by 
protons. Nowadays, the interpretation of observational 
results on the development of UHECR showers in the at- 
mosphere seems to favor a somewhat heavier composition 
of UHECRs, weakening the evidence for the detection of 
a pure GZK feature, thereby invalidating previous con- 
straints. It is then justified to not rule out option (a) 
solely on the base of this observational evidence. As a 
result, we are not in position to cast any other effective 
constraints on the QED sector with p"^ corrections to the 
dispersion relation and we are left with very weakened 
ones of the hadronic sector. A limit Mlv ^ Mpi could 
still be placed by considering LV effects in the propaga- 
tion of UHECR heavy nuclei [s^, however this would 
be based on a few simplifying assumptions about the 
percolation of LV from the fundamental level to nuclear 
physics. 

Setting aside UHECR physics, one might look back at 
the best constraints cast so far on mass dimension 5 op- 
erators and see if they can be somewhat extended to the 
case of mass dimension 6 operators, taking into account 
that under assumption (a) Mlv appearing in Eq. ([3]) will 
have to be parametrically smaller than Mpi. Following 
this lead we shall then focus on one of the most efficient 
and robust constraints on dimension five operators in LV 
QED, i.e. the one provided by the synchrotron radiation 
emitted by the most reliably known pulsar wind nebula: 
the Crab Nebula (CN). 

LV Synchrotron radiation. — It was firstly realized in 
[30| that the synchrotron emission by ultra-relativistic 
electrons can be severely affected by LV due to the ex- 
treme sensitivity of its group velocity. In what follows 
we shall generalize the standard treatment to a disper- 
sion relation of the kind ([3]) of arbitrary order n 



m + p + r/ 



(4) 



for electrons and 3 EcV for protons for A/lv 

7?=1. 



A/pi and 



As usual we shall neglect the Lorentz breaking term in 
the photon as such term is always largely negligible with 
respect to the electron one at the relative energies in- 
volved (up to 0.1 GcV for the photon against energies of 
the order of 10"^ TeV for the electron). 

It can be shown [sot that the typical synchrotron crit- 
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ical frequency ujc in the LIV case can be computed as 



(5) 



Assuming Hamiltonian dynamics, the group velocity of 
an electron with a modified dispersion relation (j?]) can 
be computed as 



, , dE rn? n — 1 



p 



(6) 



neglecting higher order terms. We immediately see that 
v{E) can exceed 1 if 77 > or it can be strictly less 
than 1 if 77 < once the LV term is prevailing on the 
suppressed mass term. This introduces a fundamental 
difference between particles with positive or negative LV 
coefficient 77 and the possibility to see the effect even for 
p/MiM < 1. 

Constraints. — In (soj a simple constraint was cast us- 
ing the fact that subluminal dispersion relations (77 < 0) 
admit a maximal critical frequency for the synchrotron 
emission. For arbitrary n > 2 this would be 



max,{n) 



3eB 



3n 



3/2 



4 iMu//mY' 



2/n 



-77(71- l)(37i-4) 

(7) 

A constraint was also obtained for ti = 3 by requiring this 
maximal critical frequency to be larger than the maxi- 
mal observed frequency in the CN synchrotron spectrum, 
Wobs ~ 0.1 GeV. We can run the same argument here for 
71 = 4 and straightforwardly derive a constraint rj > —10^ 
(assuming B ^ 300 and Mlv = Mp\), which would 
correspond to 7\/lv > 3 x 10^^ GeV. 

While promising, this is not a double sided constraint. 
In order to be sensitive to the full range of the rj param- 
eters and take into account competing LV and LI effects 
a much deeper analysis is needed. This was performed in 
[sij where the possible LV induced modifications to the 
standard Fermi mechanism (which is thought to be re- 
sponsible for the formation of the spectrum of energetic 
electrons in the CN) were considered and the synchrotron 
spectrum of the CN was recomputed taking into account 
all the new, LV induced, phenomena (such as vacuum 
Cerenkov and helicity decay) for ti = 3 LV. 

We rework and extend here the numerical algorithm 
used in [3l| so to compute the broad-band spectrum of 
the Crab Nebula below 100 MeV down to radio frequen- 
cies for the modified dispersion relation (jS]) . As in [31| we 
fix the free parameters of the model (electron/positron 
density and spectrum and magnetic field strength) so 
that we reproduce the low energy part of the spectrum, 
which is not affected by LV (see Fig. [J) . We then con- 
sider how LV affects the higher energy part of the spec- 
trum {E > 100 keV) and use statistics to measure 
when deviations from the observed spectrum due to LV 
become unacceptably large. 
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FIG. 1. Crab Nebula spectrum for the LI case (blue, solid 
curve), for the LV case n = 4, with Mlv = 10^^ GeV and 
77 > (red, dashed curve), and for the case with same pa- 
rameters but 77 < (magenta, dot-dashed curve). While, as 
discussed, the 77 < case would lead to premature fall off of 
the synchrotron spectrum, we see here that for 77 > there is 
a sudden surge of emission at high frequencies, followed by a 
dramatic drop due to the onset of vacuum Cerenkov emission 
at the characteristic threshold energy Eth ~ VniMiM /rj^^'^- 



As a paradigmatic example of our results we show in 
Fig. [T]a comparison of the LI spectrum with the LV spec- 
tra for Mlv = 10^^ GeV and both 77 > and 77 < 0. We 
then show in Fig. [2] the dependence of the reduced on 
A/lv By considering the offset from the minimum of the 
reduced we set exclusion limits at 90%, 95% and 99% 
Confidence Level (CL), according to [32|. Mass scales 
Mlv < 2 X 10^^ GeV are excluded at 95% CL. 

Conclusions. — In this Letter we placed constraints on 
LV in the matter sector in HL models by exploiting the 
broad band spectrum of the Crab Nebula. We obtain 
Mlv ^ 2 X 10^^ GeV, assuming CPT and P invariance 
to be preserved in the matter sector. Would P invariance 
be broken, we would need to consider a more complicated 
problem involving two possibly different LV mass scales 
A/lvi,2, in a similar way as done in [sij. Remarkably, the 
overall constraints would be of the same order of magni- 
tude as the one we found here, although some part of the 
parameter space with Mlvi ^ Mlv2 ^ 10^^ GeV would 
still be allowed. 

Lacking a detailed model for the percolation of LV 
from the gravity to the matter sector, the constraint 
derived above cannot be directly transferred to a limit 
on the characteristic scale of HL gravity M^.. However, 
given that generically M^. < 10^^ GeV in order to avoid 
strong coupling, our current constraints appear incom- 
patible with the possibility that Mlv ^ Therefore 
a mechanism, suppressing the percolation of LV in the 
matter sector, must be present in HL models, and such 
mechanism should not only protect lower order operators. 
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FIG. 2. Plot of the evolution of the reduced with the 
mass scale A/lv- Horizontal lines show exclusion levels at 90% 
(violet, dot-dashed), 95% (blu, dashed) and 99% (red, solid) 
CL. As already found in a previous analysis [sj, we find that 
LV can improve the fit of the Crab Nebula spectrum with 
respect to a pure LI model. This is however due to both the 
LI model not reproducing all the spectral features properly, 
and the LV model containing the additional free parameter rj. 



As mentioned earlier, and has been discussed in Q, if 
the parameters A, ^ and rj are tuned to satisfy certain 
bonds, Msc can become significantly higher. If a justi- 
fication for such a choice where to be found, then this 
would be a possible way out. Alternatively, one could re- 
sort to breaking of P invariance and allowing for a strong 
hierarchy between the two scales A/lvi and A/lv2- 

A much more appealing option is offered by the mech- 
anism proposed in j^J], which one might call of "grav- 
itational confinement" . This mechanism assumes that 
no LV is present at the tree level in the matter sector 
(so to avoid the need for additional custodial symmetries 



like supersymmetry [25|, |26|) and that <^ Mpi. In 



this case radiative corrections will percolate LV opera- 
tors from the gravity sector to the matter ones but the 
gravitational coupling G^r ~ ^ill do so by introduc- 
ing strong suppression factors of the order {M^,/Mp\)'^. 
In [i^l it has been shown that dimension 4 operators of 
matter can be efficiently screened from LV this way in 
HL models and this is expected to be the case for higher 
order operators as well. Our work motivates a detailed 
study of the efficiency of this mechanism. 
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